E-519
M.A./M.Sc. (Second Semester)(Main/ATKT)
EXAMINATION, June 2021
MATHEMATICS
Paper First
(Advanced Abstract Algebra-II)

Tine: Three Hours] | Mazimnum Marks 80
INote: Attempt all sections as directed.

Section-A 1 eacht

(Obejctive/Multiple Choice Questions)
MNote: Altenpt all questions.

Clioose oue correct answer out of four alternative answers (a) through (d).

1o 0 A and B are A--submodules of R—module M and N, respectively, then
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2. i1 4t be a Buclidean ring, then any finitely geuerated R--wodule M s the direct
sur of a finite nwmber of

{a} subodules (c) cyelic submodules

() simple module (d) none of the above

3. A Boolean noetherian ring is finite and is a finite direct product of fields with

. element(s).
() one (c) three
() two (d) four
4., if {2 1s noetherian, then each ideal contains a finite product of _ ideals.
*
{a) adl (¢) prime
() nilpotent ' (d) none of the above

O. Aviog A s sald to be an algebra over F) if A is a vector space over F such that

() alab) # (aa)b = alab) (c) afab) # (aa)l # a{ab)
() ofab) = (aa)b # a(ab) (d) afab) = (a)b = aab)
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Lol A be an algebra, with unit element over F, and let dimension of A over ¥
Le 11, Then every elemeut i A satisfies sowme non trivial polynoiial in Fla] of

degree

() at least (c) m

(1} ab wost me (@) none of the above

iV is finite dimensional vector space over F,then T € A(V) is invertible if

aud ouly if the constant term of the minimal polynomial for T 1s :

(o) O (¢} auy nouzero value

(hy 1 (d) none of the above '

2 UF T RE s R2, thea which of the following is a linear trausfornation?
) g

() T(z,y) = (2], 9) ' (c¢) T(z,y) = (25 + 3y, 5% — 6y)

) T, y) = (x+1Ly— x) (d) none of the above

Lol A4 RS —» R® and 2 RY — R7 be two linear transforimations, then which
of the following is not possible? :

(a) A and B both are outo (¢) Ais one-one and B is not one-one

(1) Aand B are one-oue (d) A is onto and D is one-oue

oL T RE = R? be defined by T(,y) = (20 + 3y, 4x — Hy), then the matrix

representation [Ty of T relative to the basis S = {uy,uz) = {(1.-2),(2,-5)}
s

(8 -G (=6 -1
(%) (-—11 11) (©) ( s 1 )
Lo =68 - '
\) ( ~11 11) (d) ( —86 jl)

Lot T € A(V) be uilpotent and let the subspace M of V' of dimension m be

cyelic with respect to 1, then

(o) dimn mT* =m -k Vkzm (¢) dim mT* =k —m Vk>m

(1) diw mT* =ng —k Vk<m (d) dim mT* =m+k Yk <m
Lt 1"\1\/5}@ anw R—}\l?_nodule and let N and P be submodules of A with P SN,
o I B
e N ~ 5l 1 known as @

(o) First somorplisi theorem (¢} Third isomorphism theorenl

(1;) Second isomorphisin theorem (d) noue of the above

o
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Wiich of the {ollowing statement is not true?

(¢} An ideal P in a conuutative ring R is prime if P = R aud P is such that
ab € Pthenaoe FPorbc P

(1) An ideal P in a commutative ring R is prime if P’ 3 R and £ is such that
abe Pthenae Porbe P

(¢) I Fisa field, then Flz] is a PID.

(1) An R--rmodule M is a torsion free module if TorM == 0.

Let £8 be a PID, and let F' be a free R—~module with & basis consisting of n

clements. Then any submodule K of F i also free with a basis consisting of m

elewents, such that

(o) ne=mn . (c) m<n
{:) i > n ' {d) none ol the above
: Ao ‘ . o
et A = 0 ) where, a # 0. If m(z) and A{x) are the minimal and the

chavacteristic polynowial vespectively of A, then :

() ) # Alw)
(1) The degree of the minimal polynomial is 1
) omx) = Alx)

() A has two distinct characteristic roots.

7100

, 07 1L ¢ . .

U 00 7 (lJ be the Jordan block of order 4, then
00 07

(a) Characteristic polymomial is (t — 7)*
{1y} minimal poiynon-lial st —7)!
(¢) 7 is the only eigenvalue

(d} Al of the above

The abelian group generated by 2y and i, subject o 2z = 0,31y = 0 is
isosorphic to

!
{0l

& (¢} Zg

(1} ey (d) none of the above

.



18 fet 10 RY = R* be the linear mapping satisfying T'(ey) = e, T(es) =

(w) 7" is idempoteut (¢) RankT =3
(L) T is invertible (d) T is nilpotent

19. Let V' be a vector space and 7" be a linear operator on V., If W is & subspace
of V', then W is invariant under 7T, if

(o) T(W) CW ' (¢) T(W) =W
() ST (d) none of the above

20, 'I'Le rational canonical form of a 2x 2 matrix A with invariaut factor (x—3)(x— 1)

- :
(0 -3 AR
(1 -3
() 0 4 (d) none of the above

Section-B 2 eacli.

(Very Short Answer Type Questions)
Note: Attewpt all questions. Answer in 2-3 sentences.

1. Deline commpanion matrix.

. Datine Nilpoteut transformation.

3. State Noether-Lasker theorem.

4 Lekine scudsiple module.

G, State primary Decomposition theorem.

6. Show that o € F' s au eigen value of T € A{V) then T' — of is singular,
7. Detine rank of a linear transformation.

LY. . ¢ - ' .
8. Write down companion matrix of f(z) = 23 — 40? + 5a + 9.
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Section-C 3 eacit.

(Short Answer Type Questions)
Note: Attanpt all questions.

1. Show that the kernel of a module homomorphisin is a subinodule.

I

- Fiud all Jordan normal form for 6 x 6 matrix having % as the minimal polyno-
il

3. 0T e A(V) and S € A(V) are invertible, then show that 7" and S™1T°S
Lave same wminimal polynomials,

e

4. Lot £ be a PID, and let M be an A—module, then show that Tord = {v &
A is Gorston} s o subodule of M.

5. Let A be a4 x 4 watrix with winimal polynowial m(t) = (£2 - 13(#* ~ 3). Then
find the rational canonical form of A, if A 1y the matrix over R and C.

G. Let A be amn xnmalrix over B I Mi;(c) = L+ ey, then show that A, (a)A
i5 the watrix obtaived [rom A by multiplying the 5% row Ly o and adding it to
tlee 4 row, Also J\J’ﬁ[f(a;) =1 — ey (i # 7).

7. Let the lnear transtformation T € A(V) be nilpotent, if «g # 0 then show that
g bog -, I I8 invertible where op € FLO <4 < m

8, show that every submodule and every quotient module of an artinian module
5 ourtinian.

Section-D 5 eacli.
(Long Answer Type Questions)
Note:  Attempt all questions.
1. Btate and prove Hilbert basis theoren.

OR

I A s a free module with a basis (e1, €0, -+ ,e,), then prove that M =~ K",
2. Lel U and V be twae vecetor spaces over a fiold F of dincusions m and n ro-
spectively, Thew show that Hom(U, V) is a vector space over F' of dimension
it :

OR
Luv V' be finite dimensional vector space over field F' aud let T'(# 0) € A(V).

Thew prove that V' has a vector v such that the mininal polynomials of 7' and
ol ¢ relative to T are equal.



{

S Fiud the Jordan canonical for of

51 -2 4
(|05 2 2
=100 5 3

00 0 4

OR

state and prove Fundamental structure theorem for finitely generated modules
over a PID.

4. iad the invariant factors of the following matrix over Qx|

5—ux 1 —2 4
0 5~ 2 2
0 0 5—a2 3
0 0 0 4

OR

Lot W be a subspace of Voaud lot T e B om(V, V) sucl that 7W C W, Show
it W is a T—cyelic subspace if and only if there exists an clement w e W
st that w, Tw, - 1% Ly is a basis of W for some £ > 1.

* kK



