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M.A./ M.Sc. (First Semester)
Examination, Dec.-Jan., 2021-22
MATHEMATICS
Paper Second
(Real Analysis - 1)

Time : Three Hours]

Note : All questions are compulsory.

SECTION-A
(Objective Type Questions)
1 each

Note:- All questions are compulsory.

1. The sequence {f,}22,, where f,(z) = nz(l — )" is

(a) converge uniformly on [0, 1].

(b) does not converge uniformly on [0, 1]. 0 is the point of nou-uniformly con-

vergeuce.

(¢) does not converge uniformly on [0, 1]. 1 is the point of nou-uniformly con-

vergence.

(d) none of the above.
2. If f.(z) = n?z(1 —2)", v € R for each n € N. then

(a) the limit function f is continuous

(b) the {fn(x)} does not converge to f uniforly
(¢) Both (a) and (b)
)

(d) none of the above.
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4. The series f(x) io: L i
. The series = —— s
¢ w1 nd 4+ nia? !

(a) converge uniformly for all z € R

(b) does not converge uniformly for x € R, 0 is the point of non-uniformly
convergence.

(c) does not converge uniformly for z € R, 1 is the point of non-uniformly
convergence.

(d) none of the above.

l
5. Sumn of the series 1 — =

-
3
(a) g—log 2

1

5 log 2

(© 3

(d) log2

log 2

( -1 )n—lmZn—l

6. The power series Y T

is convergent for,

(a) -I'<z<1
b) -1<z<1
(¢)0<z<l

(d) none of the above

7. The power serics 1+ 2z + 322 + 423 + -+ has radius of convergence equal to

(a) e
(b) 1
(c) 2
(d) none of the above
gt o 3!
8. The power series 2 + 5 = 513 + ZZCL + - is
(a) wnver%smbsolutelv) for all values of .
(b) doces not converges for any values of . (other than 0).
(c) converges(absolutely) for |z| < e
(d) none of the above
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9. Let A € L(X, Y> and Az = 0 only when x = 0, then

(a) A is one-one
(b) A is onto
(c) both (a) and (b)

(d) none of the above

10. Let X,Y, Z be a vector space and let A € L(X,Y), B € L(Y, Z). then

(a) BA€ L(X,Z)
(b) A~!is linear
(c) A7
(d) all of the above
11. Let A, B € L(R™, R™), then

is invertible

(a) (1A + Bl < [|All +|B]|
(b) 114+ Bl > [|All + ||B]
(c) [1A+ Bl = ||All + [IB]|

(d) none of the above
12. If A € L(R™, R™) and c is a scalar, then

a) lleAll < llllAll
b) [lcAll = |c[||All
c) |lcAll = |c]|| Al

d) none of the above

~~ o~ Y~~~

oz, y,z2) .
13. Ifx+y+z—u Y+ 2 = uv; z = uvw, then;%%%xs:
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Let to every A € L(R", R*) corresponds a unique y € R" Such that Az = z.y,

then
(a) lA|l = |=]
(b) [14]] = ly|
(c) 1Al = |=llyl
(d) none of the above
o(u,v,w) 0(z,y,2) .
(z,y,z) (u,v,w) ®
(a) 0
(b) 1

(c) =1

(d) none of the above

The function f(z,y) is maximum at a stationary point if

(a) (rt—s?) >0andr >0

(b) (rt—s*)<0andr <0

(c) (rt—s?)>0andr <0

(d) none of the above.
An oriented 0—simplex o is defined to be
(a) +Po

(b) — po

(c) bot}x (a) and (b)

(d) none of the above
The positively oriented boundary of Q* is:

(a) [e1,ez,e3,e4] + [0, €2, €3,€4] — [0, €1, €3, €4] +
(b) [e1.e2,e3,€ed] — [0,e2,€3,e4] — [0.€1.€3,€4] +
(¢) [e1.e2,e3.¢€q] — [0, €2, €3, €4] + [0, €1 c5. 4] —

) ]

(d

[e1, €2, €3, 4] — [0. €2, e3,e4) + [0, €1, 3. ¢

Suppose o; and o2 have the same set of vertices such that I' =

then for all w, [Lw is:

) 0
b) 1
(c) 2

)

(d) nouc of the above

(a
(
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0 €, 62,64] = 0 €),€9,€3

[
+ [0.e1,e2,€4) +
[O Ll,CQ.(;4]

[

+ [0, e1.e9,¢4] —

[
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[
[

]
0, €1, 62,63]
() €1, Cz,td]

U (1,(2,(3J
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20. Let 0 = [pg, Py, Py than do is equal to :

(a) [Pos P2l + [P0, P1] + [P1. P
(b) [Po: P1] — [P2, Po] + [Py, P2
(¢) [Po, P1) + (P2, Pol + [P1, P2
(d) [Po>P1] + [P2, Po] + [P2. P4]
SECTION-B
(Very Short Answer Type Questions)

1.5 cach
Note:- Attempt all.questions

1. Write the Statement of Dirichlet’s test.

2. Write the Statement of Weierstrass’'s M-test.

3. Define radius of convergence of power series.

4. Write the Statcment of Abel’s theorem for power serics.

Define invertible linear operator.

ot

6. Define continuoxfsly differentiable mapping.

7. What do you mean by stationary point for a function of several variables?
8. What do you mean by local maximuin value for a real-valued [uiction?

9. Define partition of unity.

10. Define basic k—forms.
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SECTION-C
(Short Answer Type Questions)
2.5 each

Note:- Attempt all questions

1. Prove that the limit function of uniforinly convergent sequence of continuous
functions is itself continuous.
20 n
2. Test for term-by-term integration of the series 5 :1)’_2 on [0.1] and show that
n=1T
1 o© n o)
T 1
—dz = —————
/0 ; n? ; n?(n+1)
3. Prove that the series obtained by differentiating a power series term by term
has the same radius of convergence as the original series.
4. Show that
1 # 1 & 1 1
sttane)? =2 - (re )+ S (144 ) - ml<agt
2 F=g—gUtg)+5lt3+5 RS
5. Let F be an open set in R™, f maps £ into R™ and x € F and
f(x+h)-f(x)—Ah
i FOcth)-f(x)-Ah| _ 0.
h—0 |h|
holds with A = A; and with A = A,. Then prove that 4, = A4,.
6. If Ae L(R",R™) and B € L(R™, R¥), then prove that ||BA|| < ||B]| ||A]].
7. If y3 = cosay, yo = sinzj;coszy and y; = sinx;sinzycosxs. then find
9(y1, ¥2, ¥3)
0(z1, 2, T3)
8. Describe the working rule of Lagrange's wnultiplicr mcthod for a function of
several variables.
9. Let w be k—forins of class of €” in some open set £ € R®. Then prove that
d?w = 0. Here d?w mcans d(dw).
10. Let w and A be k—forms and m—forins respectively of class ¢ ' in some open
set & € R®. Thén prove
dw A A) = (dw) AN+ (=1)F w A dA.
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SECTION-D
(Long Answer Type Questions)
5 each

Note:- Attempt all questions

1. State and prove Abel’s Test.
) ) Or

Let fo{n =1,2,3---} be real functions defined on a set F in mectric space and
let the sequence {/,} converge uniformly to f on F. Let 29 be a limit point of
X, and suppose that :

$ lim f,(z) =4, (n=1.2,3--+)

T—Io

then prove that

(1) the sequence {A,} or real constants converges , and
(ii) lim f(z) = lim A,.

T—TQ n—oc
. State and prove the Tauber’s theorem on power series
Or

State and prove the Riemann’s theorem oun rearrangement of series.

. Let Q be the set of all invertible linear operator on R", then prove that,

(a) f A€, Be L(R"), and ||B — Al|||]A7!]| < 1 then B € Q.
(b) € is open subset in L(R") and the mapping / : @ — Q defined by
f(A) = A=Y for all A € Q is continuous.

Or

State and prove Taylor’s theorem for a function of several variables.

. Determine the maximum and minimnum values of the function
5 3V3
flzy) =2+ + ——\2[—;1:3/
subject to the constraint 4z2 4+ y% = 1.

Or

Suppose T is a ¥ '— mapping of an open set £ C R™ into an open set V C K™,
¢ is a k—surface in F, and w ia k—form in V. Then prove that

/ w=/w1
+T¢ ¢
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